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ABSTRACT
A multi-line Bayesian analysis of the Zeeman broadening in the solar atmosphere is presented. A hierarchical probabilistic model,
based on the simple but realistic Milne-Eddington approximation to the solution of the radiative transfer equation, is used to explain
the data in the optical and near infrared. Our method makes use of the full line profiles of a more than 500 spectral lines from 4000
Å to 1.8 µm. Although the problem suffers from a strong degeneracy between the magnetic broadening and any other remaining
broadening mechanism, the hierarchical model allows to isolate the magnetic contribution with reliability. We obtain the cumulative
distribution function for the field strength and use it to put reliable upper limits to the unresolved magnetic field strength in the solar
atmosphere. The field is below 160-180 G with 90% probability.
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1. Introduction
The physical characteristics of the outer layers of the solar atmo-
sphere are controlled by the magnetic field, because the magnetic
pressure in the chromosphere and corona is larger than the gas
pressure. Ultimately, the magnetic energy present in these outer
layers is extracted from the energy stored in the photosphere.
Consequently, it is of interest to have reliable estimations of the
magnetic energy that is present in the photosphere.
Magnetic field diagnostics of the solar surface magnetism
based on the polarization signals induced by the Zeeman effect
are prone to cancellations if the magnetic field is organized at
scales below the resolution element of the telescope. Despite this
drawback, our understanding of the solar (photospheric) mag-
netism is fundamentally based on polarimetric studies of the
Zeeman effect. Over the years, other tools that are less or not
affected by cancellations have been devised. Among them, we
can find the study of broadening mechanisms in spectral lines
(Stenflo & Lindegren 1977) or the analysis of the Hanle effect in
selected spectral lines (Stenflo 1982; Faurobert et al. 2001; Tru-
jillo Bueno et al. 2004). It is well-known that the Zeeman signals
in circular polarization depend on the projection of the magnetic
field on the line-of-sight, while in linear polarization, they de-
pend on the projections of the magnetic field on the plane of the
sky. In the case of the Zeeman broadening and the Hanle effect
in microturbulent fields, the effect on the spectral line depends
fundamentally on the strength of the magnetic field. Therefore,
no cancellation of the effect occurs even if the magnetic field
is organized at scales below the resolution element. Both tech-
niques have been used in the past to constrain the magnetic en-
ergy stored in the solar photosphere. Stenflo & Lindegren (1977)
inferred, using the Zeeman broadening, an upper limit of 140 G
for the rms magnetic field, which would correspond to a mag-
netic energy of B2/8pi ∼ 780 erg cm−3. Trujillo Bueno et al.
(2004) obtained, using the Hanle effect in the Sr i line at 4607
Å in the microturbulent regime, an average magnetic field of
130 G if the intensity follows an exponential distribution. They
also calculated that the intensity is 60 G if the field is homoge-
neous and volume-filling. This work was extended to a realistic
three-dimensional magneto-convection simulation by Shchukina
& Trujillo Bueno (2011). They found that the field distribution
in the simulation has to be increased by a factor ∼10 in order to
fit the observations. The ensuing magnetic energy is similar to
that obtained by Trujillo Bueno et al. (2004) using ad-hoc distri-
butions.
The main disadvantage of the Zeeman broadening to mea-
sure magnetic fields is that isolating the magnetic broadening
from the remaining broadening mechanisms is extremely dif-
ficult and uncertain. This interplay has been recently analyzed
in three-dimensional simulations of solar magneto-convection
(Fabbian et al. 2010). In an effort to overcome the difficulties,
Stenflo & Lindegren (1977) proposed to pursue a statistical ap-
proach, using Fourier Transform Spectrometer observations of
many Fe i lines to infer an upper limit to the magnetic field in the
solar atmosphere. The idea is based on the fact that, although the
Zeeman broadening changes from line to line, it is proportional
to a factor that depends on the quantum numbers and Landé fac-
tors of the levels involved in the transition. To exploit this prop-
erty, Stenflo & Lindegren (1977) proposed a phenomenological
formula to explain the measured broadening of the lines in terms
of the strength of the line, excitation potential and magnetic field.
Later, Solanki & Stenflo (1984, 1985) exploited the same phe-
nomenological approach to study the magnetism of solar mag-
netic flux tubes, while Mathys & Stenflo (1986) and Mathys &
Solanki (1989) extended this approach to other magnetic stars
with success.
Our aim in this paper is to drop some of the previous simpli-
fications present in the previous studies of the Zeeman broaden-
ing. First, instead of summarizing the width of the spectral line
by a single number, we utilize the full spectral profile. Second,
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we use a simple but realistic line formation theory to generate the
full line profile separating the Zeeman broadening from the re-
maining broadening mechanisms. Third, we analyze data in the
near infrared, where the ratio between the Zeeman splitting and
the Doppler broadening is larger. Finally, we use a hierarchical
Bayesian model to put reliable constraints to the magnetic field.
2. Hierarchical modeling of line broadening
2.1. Observations
In this work we use observations from the optical and the near in-
frared part of the spectrum, both extracted from the National So-
lar Observatory (NSO) Fourier Transform Spectrometer (FTS).
The observations in the optical have been obtained from Wal-
lace et al. (1998), while the data for the near infrared has been
extracted from Wallace & Livingston (2003). From the observed
spectrum, we have isolated the spectral profiles of all the Fe i
lines tabulated by Stenflo & Lindegren (1977) in the optical and
from Ramsauer et al. (1995) in the near infrared. We built a
specific graphical tool to inspect the FTS spectrum and decide
which lines should be included in the study. The information
from Stenflo & Lindegren (1977) and Ramsauer et al. (1995) is
confronted with the spectroscopic information provided by the
tabulation of Kurucz (1993) to find out if each individual line is
isolated and free of blends. Lines with clear blends in one of the
wings have been also accepted but removing the wavelengths of
the blend. Heavy blended lines or those with very shallow pro-
files are discarded. For each line, the tool allows us to manually
mark the wavelength span, which we select as that where the in-
tensity reaches the continuum intensity. To avoid problems in the
continuum, the intensity spectrum is re-normalized to the contin-
uum for each line. Correlating the linelist of Stenflo & Lindegren
(1977) and Ramsauer et al. (1995) with data tabulated by Kurucz
(1993), we extract the central wavelength of the line, the total an-
gular momenta and Landé factors of the upper and lower level
of the transition. For almost all the tabulated lines, we can reli-
ably find a line in the tabulation of Kurucz (1993) with all the
atomic information. In any of the few cases in which this does
not happen, we discard the line. The central wavelength of the
line is re-computed to avoid introducing additional nuisance pa-
rameters in the model that we describe in the following. After all
the filtering, we end up with 387 spectral lines (from the original
set of 402) that span from 4365 Å to 6860 Å and 166 (from the
original set of 352 associated to Fe i) in the range from 1 µm to
1.8 µm. The fundamental reason for the reduction in the number
of lines was the presence of a clear blend and/or very shallow
lines that we decide not to use.
2.2. Generative model and likelihood
Our aim is to extract information about the Zeeman broadening
from a large set of spectral lines. To this end, the first ingredient
that we need is a generative model, i.e., a way of linking our
physical model with the observations. In our case, we assume
that the observed spectral line at wavelength λi is given by:
Iobs(λi) = I(θ, λi) + i, (1)
where I(θ, λi) represents the synthetic spectral line described in
the following, that depends on a set of parameters θ. Addition-
ally, we make the assumption that the model spectral line is per-
turbed with i, that represents noise, uncertainties and defects of
our proposed model. If i is just photon noise, it is safe to assume
that it follows a Gaussian distribution with zero mean and vari-
ance σ2. If we allow i to absorb other systematic effects, this
distribution becomes an approximation and one should poten-
tially take into account the covariance between different wave-
length points. This more complicated case is surely the one that
we have with the FTS observations because the spectrum is ob-
tained as an inverse Fourier transform of visibilities, which in-
duces correlations that might be of importance. However, for the
sake of simplicity and the lack of a reliable estimation for the
covariance matrix, we assume that i follows a Gaussian distri-
bution with zero mean and variance σ2.
In the following, we describe the simple but powerful model
that we use to synthesize a spectral line in the presence of an
isotropic and microturbulent magnetic field, i.e., we make ex-
plicit the functional form of I(θ, λi) and the meaning of the vec-
tor of parameters θ. Under the assumption of a sufficiently weak
magnetic field and neglecting magneto-optical effects, the inten-
sity emerging in a spectral line from a Milne-Eddington atmo-
sphere can be written using the following simple approximate
expression (e.g., Landi Degl’Innocenti & Landolfi 2004):
I(λ) = B0
[
1 +
β0µ
1 + ηlΨ(λ − λ′)
]
, (2)
In the previous equation, B0 and β0 describe the variation of the
source function with optical depth, so that S = B0 + β0τ. Addi-
tionally, µ = cos θ refers to the cosine of the heliocentric angle,
ηl is the ratio between the line opacity and the continuum opacity
and λ′ = λ0(1 + v/c) is the central wavelength of the transition
under study (λ0) shifted by the Doppler effect due to any bulk
motion with velocity v. The line absorption profile is described
using a Voigt profile:
Ψ(λ − λ0) = 1√
pi
H
(
λ − λ′
∆λD
, a
)
, (3)
where ∆λD = λ0∆vD/c, with c the speed of light, is the Doppler
width in velocity units and a is the damping coefficient.
Very far from the line center, where Ψ(λ − λ′) = 0, the con-
tinuum intensity is given by Ic = B0(1 + β0µ). Therefore, if we
normalize the intensity spectrum by the continuum, we get
I(θ, λ) =
1
1 + β0µ
[
1 +
β0µ
1 + ηlΨ(λ − λ′)
]
. (4)
It is then clear that the continuum normalized emergent intensity
spectrum is independent of B0.
When an isotropic, microturbulent and weak magnetic field
is present in the line formation region, the model for radiative
transfer is still valid if the line absorption profile is modified.
If the three components of the magnetic field vector are charac-
terized by a Gaussian distribution with zero mean and standard
deviation B, the line profile that enters into Eq. (4) reads (Landi
Degl’Innocenti & Landolfi 2004):
Ψ(λ − λ′) = ∆λD
∆λT
1√
pi
H
(
λ − λ′
∆λT
, a
∆λD
∆λT
)
. (5)
This expression is valid at second order in the Zeeman broaden-
ing (∆λTB), defined as:
∆λTB ∼ 4.6686 × 10−13λ20B, (6)
with B given in G, and ∆λTB and λ0 in Å. We note that
∆λTB  ∆λD for the magnetic fields and temperatures expected
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Fig. 1. Line profiles emerging from a Milne-Eddington atmosphere with β0 = 2, ηl = 3 and a = 0.02. The lines have a characteristic Doppler
broadening of 2 km s−1. Because the Doppler broadening is defined in velocity units, the broadening in wavelength units increases in proportion
to the central wavelength of the line. We display the line profiles for five different microturbulent magnetic field strengths. We display the line
profiles for five different microturbulent magnetic field strengths (B = 0, 100, 200, 300, and 400 G).
in the quiet Sun. According to Landi Degl’Innocenti & Landolfi
(2004), the broadening of the spectral line when a microturbu-
lent field is present is a result of the quadratic sum of the Doppler
broadening and the Zeeman broadening, so that
∆λT =
[
∆λ2D + 4G¯T
(
∆λTB
)2]1/2
. (7)
The factor G¯T is the second-order effective Landé factor for tur-
bulent fields and has the following expressions in terms of the
total angular momenta of the upper and lower levels and their
corresponding Landé factors:
G¯T = g¯2 +
1
16
g2d
(
4s − d2 − 4
)
, (8)
with
s = Ju(Ju + 1) + Jl(Jl + 1)
d = Ju(Ju + 1) − Jl(Jl + 1)
gd = gu − gl
gs = gu + gl
g¯ =
1
2
gs +
1
4
gdd. (9)
All the previous ingredients allow us to synthesize a spectral
line emerging from a Milne-Eddington atmosphere with a mi-
croturbulent magnetic field using the vector of parameters θ =
(β0, ηl,∆vD, a, B). Examples of the influence of a microturbulent
magnetic field on the line profiles are shown in Fig. 1. Note that
the influence of the Zeeman broadening increases with wave-
length, so that it is important to focus on lines in the red part of
the spectrum to constrain the influence of a magnetic field. It is
conspicuous that the effect remains extremely subtle and can be
easily confounded with any kind of non-magnetic broadening.
This is the reason why a hierarchical probabilistic modeling is
of help, as we show in this paper.
Once the generative model is proposed, it is straightforward
to write down the likelihood,L. This sampling distribution gives
the probability of obtaining our current observations given that
they have been generated with the model presented in the previ-
ous paragraphs. In our case, our generative model results in the
following likelihood for a single spectral line i:
Li(Di|θi, σi) =
Nλ i∏
j=1
1√
2piσi
exp
−
(
Iobs(λ j) − I(θi, λ j)
)2
2σ2i
 , (10)
a consequence of assuming that the intensity of different wave-
lengths are uncorrelated. Note that Nλi is the number of wave-
length points which are used to sample line i. We use the com-
pact representation Di to refer to the intensity spectrum of a sin-
gle line extracted from the FTS atlas. Likewise, we use D =
{D1,D2, . . . ,DN} the full set of observations. Using the same line
of reasoning, the total likelihood that takes into account all the
lines is given by:
L(D|θ,σ) =
N∏
i=1
Li(Di|θi, σi), (11)
where θ = {θ1, θ2, . . . , θN} and σ = {σ1, σ2, . . . , σN}.
2.3. Hierarchical model
Taking into account all the previous considerations, the proba-
bilistic model used in this work is graphically represented in Fig.
2. The intensity spectrum of each line depends on the parame-
ters β0, ηl, a, ∆vD and B. The synthetic profile, obtained applying
Eq. (4), are then compared with the observed profiles extracted
from the FTS atlas using an unknown noise standard deviation
σ. This model is repeated for all the N lines that we introduce in
the analysis.
We are interested on the statistical properties of the mag-
netic field when the information encoded on all lines are simul-
taneously taken into account. To this end, we follow the stan-
dard way of Bayesian hierarchical models. It consists of using
parametric priors (the parameters of the prior are termed hyper-
parameters) and making the inference hierarchical: the model
parameters are the lowest level while the hyperparameters repre-
sent the upper level. The graphical representation of Fig. 2 gives
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a clear idea of the meaning of the hierarchical model. The mag-
netic field strength associated to each spectral line is assumed
to be extracted from a common distribution (prior) that depends
on the set of hyperparameters xB. This hierarchical scheme can
be exploited to compute the distribution of a model parameter to
which one has no direct observational access. In our case, we use
a sufficiently general parametric prior distribution and the val-
ues of the hyperparameters are inferred from the data under the
Bayesian framework. For convenience, we also use this hierar-
chical structure for the Doppler velocity, making the assumption
that the Doppler widths are extracted from a common distribu-
tion.
Using the standard Bayesian approach, all the informa-
tion about the model parameters is contained in the joint
posterior p(β0, ηl,∆vD, a,B, xB, xv|D), which can be computed
from the likelihood (defined above) and the prior distribution,
p(β0, ηl,∆vD, a,B,σ, xB, xv), using the Bayes theorem:
p(β0, ηl,∆vD, a,B,σ, xB, xv|D) ∝ L(D|β0, ηl,∆vD,B, a,σ, xB, xv)
× p(β0, ηl,∆vD, a,B,σ, xB, xv). (12)
Using the conditional dependencies shown in Fig. 2, we can
greatly simplify the likelihood and the prior distribution. The
posterior for the hierarchical model becomes:
p(β0, ηl,∆vD, a,B,σ, xB, xv|D) ∝ L(D|β0, ηl,∆vD,B, a,σ)
× p(β0)p(ηl)p(a)p(σ)p(B|xB)p(xB)p(∆vD|xv)p(xv).
(13)
Since we are interested in the global statistical properties of the
magnetic field, β0, ηl, ∆vD, a, B, and σ can be considered as
nuisance parameters that have to be integrated out from the pos-
terior. Therefore, our final result is the following posterior distri-
bution for the hyperparameters:
p(xB|D) ∝
∫
dβ0 dηl d∆vD da dB dσ dxvL(D|β0, ηl,∆vD,B, a,σ)
× p(β0)p(ηl)p(∆vD)p(a)p(σ)p(B|xB)p(∆vD|xv)p(xv)p(xB).
(14)
In words, our analysis proceeds as follows. We make the as-
sumption that the shape of every line in the observations can
be explained with a parametric Milne-Eddington model that de-
pends on the gradient of the source function, the damping coef-
ficient, the ratio of line and continuum opacities and the Doppler
width of the line. To this Doppler width, we add quadratically
the influence of an isotropic microturbulent magnetic field with
a Gaussian distribution characterized by its standard deviation.
We propose a sufficiently general parametric distribution for
this standard deviation and we use all the lines to learn some-
thing about these parameters. We point out that, although there
are large degeneracies in the model, we will be able to learn
something about the distribution of magnetic fields thanks to the
marginalization of the nuisance parameters.
2.4. Priors for parameters and hyperparameters
The prior distribution encodes all the a-priori information that
we know about the parameters. In our case, we need to put pri-
ors over the parameters β0, ηl, ∆vD, B, a, and σ. The set of priors
is summarized in Tab. 1, where we display the range of variation
and the type of prior. A flat prior for variable x in the interval
[a, b] is defined as 1/(b − a) if a ≤ x ≤ b and zero elsewhere.
The damping coefficient a, the ratio of line and continuum opac-
ities ηl, and the Doppler width ∆λD have flat priors. The range of
Line i
a B
I(λ)
xB xv
β0
Iobs(λ)
ηl
∆vD
σ
Fig. 2. Graphical model representing the hierarchical Bayesian scheme
that we used to analyze the broadening of spectral lines. Open circles
represent random variables (note that both model parameters and ob-
servations are considered as random variables), while the grey circle
represents a measured quantity. The frame labeled “Line i” represents
that everything inside the frame has to be repeated for all the observa-
tions. An arrow between two nodes illustrates dependency. The nodes
that are outside the frame are the hyperparameters of the model and are
common to all pixels.
variation of each parameters is chosen based on previous experi-
ence fitting the line profiles. Given that β0 and σ can potentially
span over several orders of magnitude, we choose a modified
Jeffreys’ prior for them (Gregory 2005):
MJ(x; x0, xmax) =
[
(x + x0) ln
(
x0 + xmax
x0
)]−1
. (15)
This prior behaves as a Jeffreys’ prior (i.e., as x−1) for x  x0
and as a uniform prior for x  x0. The value of x0 is chosen to
be that of the lower limit, while xmax is selected to be the upper
limit.
Concerning the selection of the hierarchical prior distribu-
tion, it is important that the functional form is able to capture
the full potential variability of the parameter. Even with a simple
prior distribution, if we allow the hyperparameters to be random
variables, a wide range of quite complex distributions can be
achieved. Additionally, a desirable property of the hierarchical
prior is that it is naturally defined in the range of the parame-
ter of interest. A broad range of possibilities are available but
we use previous successful experience (Asensio Ramos & Ar-
regui 2013) and use simple prior distributions. After some initial
experiments, we use a mixture of two log-normal prior distribu-
tions for B, truncated in the interval [Bmin, Bmax] (see Tab. 1 for
the selected values of the limits):
p(Bi|xB) =

pLN(Bi; µB1, γB1) Bmin ≤ B ≤ Bmax
+(1 − p)LN(Bi; µB1, γB2)
0 otherwise
(16)
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Fig. 3. Distribution of magnetic fields inferred from the synthetic cases. The upper panels display the inferred probability density function. The
middle panels show the corresponding cumulative distribution, where we have indicated the 10, 50, 68, 80, and 90% percentiles. Finally, the lower
panels display a summary of the marginal posteriors for the field strength associated with each spectral line. Each line has a different color in a
sequence to improve the readability of the figure.
where a log-normal is defined as
LN(Bi; µ, γ) =
1√
2piγBi
exp
[
− (log Bi − µ)
2
2γ2
]
, (17)
where µ and γ are the hyperparameters, which fulfill γ > 0,
−∞ < µ < ∞. Additionally, we have 0 ≤ p ≤ 1. In the notation
used in Fig. 2, we have that xB = (µ, γ). One of the main proper-
ties of this prior is that, independently of the value of µ and γ, the
probability of having B = 0 tends to zero. This is in accordance
with the fact that it is extremely improbable that the three com-
ponents of an isotropic vector field become zero simultaneously
(Domínguez Cerdeña et al. 2006; Sánchez Almeida 2007). The
reason for using a mixture of two log-normals is that, in the syn-
thetic cases displayed in Sec. 3.1, we find multimodal distribu-
tions for the field strength. This multimodality is a consequence
of the fact that some lines are able to measure the presence of a
magnetic field, while others are quite unsensitive. Therefore, the
prior has to be flexible enough to capture this behavior.
Finally, a single log-normal is used as prior for ∆vD, as in-
dicated in Tab. 1. The priors for the hyperparameters and the
remaining parameters are shown in the same table. The range of
parameters is chosen after running several experiments but they
can be considered to be quite “uninformative”.
2.5. Sampling the posterior
For the analysis of N = 387 lines in the optical, the posterior
becomes a distribution in 6N + 6 = 2328 dimensions, while it
goes down to 1003 dimensions for the N = 166 lines in the
near infrared. Obviously, to carry out the marginalization inte-
grals required by Eq. (14) we need to rely on standard Markov
Chain Monte Carlo (MCMC) schemes (e.g., Metropolis et al.
1953) or any other alternative. The dimensionality of our prob-
lem is so large that standard MCMC methods are not efficient
and we resort to the Hamiltonian Monte Carlo (HMC) method
Duane et al. (1987); Neal (2010), using the code of Lentati et al.
(2013). These methods efficiently sample the posterior distribu-
tion by utilizing information not only of the log-posterior but
also of its gradient. As a consequence, the sampling can make
very long jumps in the space of parameters but keeping a high
acceptance rate. The main drawback is that the computation of
the gradient of the log-posterior can be cumbersome. In our case,
a direct application of the chain rule allows us to compute the
gradient of the log-posterior quite efficiently. Another drawback
is that HMC methods are somehow dependent on the value of
some internal parameters, that need to be adapted accordingly.
We do this by an extensive initial study in which we tweak these
parameters until we get a good acceptance rate. Finally, we use a
sigmoid change of variables to improve the sampling efficiency,
while avoiding sampling outside the prior ranges. For instance,
for a parameter x defined in the interval [a, b], we transform it
into x′ using
x′ = log
(a − x
x − b
)
, (18)
which is then defined in (−∞,∞) and no boundaries are needed.
The derivatives of this transformation have to be taken into ac-
count on the derivatives of the log-posterior with respect to the
model parameters in the HMC sampling.
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Fig. 4. Observed spectral lines in the optical (dots), together with the MAP fit (blue curve). The selected spectral lines are ordered by wavelength.
The abscissa axis refer to the sampling of the FTS atlas. Note that the MAP fit does a very good job, demonstrating that the simplified Milne-
Eddington model that we propose to explain the observations is quite accurate.
3. Results
3.1. Synthetic cases
The effect of a magnetic field on the broadening of a spectral
line is very small and it is heavily degenerated with other broad-
ening mechanisms. Therefore, it is interesting to test our com-
plex probabilistic model with a synthetic case in which we know
the input magnetic field strength. To this end, we synthesize the
387 spectral lines using the same Milne-Eddington model that
we use to interpret it and add some noise. The line parameters
are chosen uniformly randomly from the following intervals:
β0 ∈ [0.5, 20], ηl ∈ [0.5, 20], a ∈ [0, 0.5], ∆vD ∈ [0.5, 2] km
s−1. The magnetic field is fixed at two values, 100 G and 200
G, and we also divide the spectral lines in two groups: lines in
the blue part of the spectrum with λ0 < 6000 Å and lines in
the red part, with λ0 > 6000 Å. Fig. 3 display the inferred dis-
tributions for all the cases. The first row shows the probability
density function (pdf) obtained as the Monte Carlo average over
the hyperparameters of the proposed prior distribution:
〈p(B)〉 = 1
Ns
Ns∑
i=1
piLN(B; µiB1, γ
i
B1) + (1 − pi)LN(B; µiB1, γiB2),
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Fig. 5. Like Fig. 3 but for the FTS atlas in the optical. For comparison, the left column displays the results for all lines below 6000 Å, the central
column shows results for lines above 6000 Å, while the right column takes all lines into account. The results show that the field is below 186 G
with 90% probability.
(19)
where Ns is the number of samples obtained. The second row
displays the ensuing cumulative distribution, numerically com-
puted from the pdf. The last row shows a summary of the inferred
values of the magnetic field associated to each line. Each point
Table 1. Priors
Parameter Lower limit Upper limit Type
β0 0.1 50 Mod. Jeffreys
a 0.01 0.6 Mod. Jeffreys
ηl 0 20 Flat
∆vD [km s−1] 0.2 6 Log-normal
σ 10−4 0.1 Mod. Jeffreys
B [G] 10−3 1200 Log-normal mixt.
µv [km s−1] 0.01 10 Flat
γv [km s−1] 0.01 20 Mod. Jeffreys
µB1 [G] 0.1 20 Flat
γB1 [G] 0.2 20 Mod. Jeffreys
µB2 [G] 0.1 10 Flat
γB2 [G] 0.05 10 Mod. Jeffreys
p 0 1 Flat
marks the median value of the marginal posterior, while the error
bars indicate the ±1σ confidence intervals. The two left columns
refer to the cases using the red part of the spectrum, while the
two right columns use the lines in the blue part. It is clear from
these results that the lines in the blue are not able to put strong
constraints on the magnetic field strength, even though the num-
ber of lines in the red part is much smaller. The data in the blue
is able to say that the field is below ∼250 G with 90% proba-
bility and below ∼ 60 − 70 G with 68% probability, not giving
a clear hint that the two cases have different field strengths. As
shown in the upper panels, the pdf is fundamentally dominated
by one of the log-normals (we find p ∼ 1), so we do not detect
any hint of multi-modality. Additionally, the field inferred from
many spectral lines hit the lower boundary of 10−3 G that we im-
pose with the prior, giving the idea that even weaker files would
be preferred.
On the contrary, the constraints obtained from the red part of
the spectrum are much more restrictive. For the case with 200 G,
the data indicates that the field is below 343 G with 90% proba-
bility, while for the case with 100 G, this number goes down to
109 G. The pdf for the case with 200 G gives a clear hint for the
presence of a bump around ∼ 200 G. This bump produces that
the percentile 50% and 68% give very similar magnetic fields
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(121 G and 185 G, respectively). This experiment demonstrates
that our probabilistic model is able to extract information from
the observations, in spite of the complexity and degeneracy of
the problem.
3.2. Analysis of the FTS atlas in the optical
After the demonstration with synthetic data, we apply the very
same probabilistic model to the observed FTS atlas. Even though
we have tried to isolate the clean spectral lines, the simplified
Milne-Eddington model is surely now less appropriate than in
the synthetic model to explain the spectral lines. The presence of
asymmetries and/or blends may affect our model, but they should
be largely absorbed by the random variable σ. Lines where the
Milne-Eddington model is not accurate will have an enhanced
value of σ. In other words, the Bayesian model automatically
detects that the information encoded in this line to constrain the
model parameters is of less quality. Consequently, the relevance
of these lines on the final conclusions will be decreased.
After sampling from the posterior, we locate the combina-
tion of model parameters giving the largest posterior, i.e., the
maximum a-posteriori (MAP) solution. The spectrum resulting
from this combination of parameters is displayed in Fig. 4. The
observed spectral lines are shown in grey dots, while the best
fit is shown in with the blue curve. We only display the fitted
lines for the optical. The results in the near infrared are of the
same quality. For convenience, the abscissa does not refer to real
wavelength but to wavelength step. Given the specificities of the
FTS atlas, the wavelength step for the lines in the blue is smaller
than in the red. Figure 4 shows that the generative model pro-
posed in this work does a good job on capturing the fundamental
shape of the spectral lines. The residuals are small except in a
reduced number of spectral lines.
Having shown the quality of the generative model, we an-
alyze now the results from the hierarchical model. One of the
main results of this paper is displayed in Figure 5. Like in the
synthetic cases, we carry out the inference separately for lines
below 6000 Å (blue) and above 6000 Å (red), but we also carry
out the Bayesian inference for the whole set of spectra lines.
Using the samples from the marginal distribution for µB1, γB1,
µB2, γB2 and p, we compute the Monte Carlo approximation to
the distribution of magnetic fields obtained from Eq. (19). The
corresponding cumulative distribution function is shown in the
middle panels of the figure, where we have marked a few quan-
tiles of interest. The first thing to note is that the results are quite
consistent independent of the spectral range used or if we use
the full set of spectral lines. Second, the probabilistic analysis
demonstrates that the the field is, with 90% probability, below
∼ 186 G, although the upper limit remains hardly determined
and hits the prior limit of 1200 G. The main reason for this is
that there is a degeneracy on the line broadening mechanisms, so
that if the Doppler broadening is very small, it is still possible to
fit the spectral lines using magnetic broadening. Obviously, this
possibility is limited by the presence of the upper limit to the
magnetic field set by the prior. Finally, the analysis suggests that
the majority of the spectral lines point to a very small magnetic
field that hits the lower limit of the prior. However, the influence
of the specific value of the lower limit of the prior is of reduced
importance on the general results indicated by the cumulative
distribution function. Only a few lines are the ones pushing the
prior to higher magnetic fields.
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Fig. 6. Like Fig. 3 but for the FTS atlas in the near infrared. The results
in the optical and near infrared display a good consistency, with the data
in the infrared yielding fields below 160 G with 90% probability.
3.3. Analysis of the FTS atlas in the near infrared
It is clear from Eq. (7) that, for a fixed magnetic field, the Zee-
man broadening is larger in the red than in the blue. In spite of
its great interest, investigating the Zeeman broadening in the in-
frared has been tackled only a few times. Trujillo Bueno et al.
(2006) used synthesis in three-dimensional simulations of the
solar atmosphere with ad-hoc turbulent magnetic fields in the
Fe i lines at 15648 Å and 15652 Å. They pointed out that the
Zeeman broadening can be potentially used in conjunction with
other techniques to put constraints to the unresolved magnetic
field. Later, Asensio Ramos et al. (2007) and Asensio Ramos
(2009) analyzed observed and synthetic Stokes I profiles of the
Mn i line at 15262.7 Å to diagnose the magnetic field strength
taking advantage of the strong Paschen-Back perturbations pro-
duced by the hyperfine structure. They concluded that the mean
magnetic field has to be smaller than 250 G and organized at
horizontal scales of ∼0.4”.
In this work, we apply a multiline technique to lines in the
near infrared in order to put constraints to the non-resolved mag-
netic field in the solar photosphere. To this end, we applied the
probabilistic model to the 166 lines that we isolated from the
FTS atlas, and the results are displayed in Fig. 6. The cumula-
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tive distribution function points to fields below 160 G with 90%
probability, and below 35 G with 80% probability.
4. Conclusions
We have used a probabilistic model of the formation of spectral
lines in a Milne-Eddington atmosphere with a turbulent mag-
netic field with Maxwellian distribution to obtain the statistical
properties of the average magnetic field from the FTS atlas of
the solar spectrum. The difficulty of this approach deals on the
reduced effect that a magnetic field has on the line broadening,
together with the large degeneracy that the magnetic broadening
has with other broadening mechanisms. In spite of this, our hier-
archical model is able to extract this hidden information and we
provide strong constraints to the turbulent magnetic field.
The difficulty of estimating the magnetic field is reflected
on the long tails that the cumulative distribution functions have
for strong fields. Even though the median value is 1 G for both
the data in the optical and near infrared (the field is below 1 G
with 50% probability), the field is smaller than 186 G with 90%
probability from the optical data and below 160 G with 90%
probability for the data in the near infrared. These results are not
far from the original results of Stenflo & Lindegren (1977), who
obtained a value of 140 G using the same spectral lines. Addi-
tionally, computing the magnetic energy associated to our esti-
mated priors, we obtain B2/8pi ∼ 1430 erg cm−1 from the data
in the optical and ∼ 1260 erg cm−1 from the near infrared data.
These values are similar to those estimated by Trujillo Bueno
et al. (2004) using the Hanle effect in the Sr i line at 4607 Å.
However, our statistical analysis departs from the study of
Stenflo & Lindegren (1977) in a few important details. First, we
make use of the full line profile and also from data in the near
infrared. We simultaneously use information from the width of
the line at all depths, contrarily to the analysis of Stenflo & Lin-
degren (1977) that was carried out for the width of the lines at a
few discrete number of depths. Second, given our Bayesian ap-
proach to the probabilistic model, the results are given in terms
of probability distributions, from where confidence intervals can
be easily obtained. This is of special relevance in our problem,
in which the desired piece of information is deeply degenerate
and hidden. It is then important to give reliable confidence in-
tervals. Finally, our results are given after marginalizing all the
parameters except the magnetic field. Therefore, the confidence
intervals that we extract from Fig. 5 already take into account
our ignorance on the remaining model parameters.
The magnetic field included in our model should not be
strictly interpreted as microturbulent. The FTS is an instrument
with no spatial resolution inside a very large field of view, that
can reach 40”. Therefore, the resulting intensity profile for each
line is the result of the addition of many profiles, each one char-
acterized by a magnetic field. Our assumption of a magnetic field
strength with a Maxwellian distribution should then be under-
stood as the global distribution of field strengths in the unre-
solved field-of-view.
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